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This is an introduction to set theory that is keyed to a similar introduction found in AN INTRODUCTION TO CYBERNETICS by W. ROSS ASHBY, CHAPMAN & HALL. Available from

http://pespmc1.vub.ac.be/books/IntroCyb.pdf.

 for download at no charge.
This introduction to set theory is self contained. However, reading chapters 2 and 3 of Ashby will provide a lot of background and examples to help understand the basic set theory and  dynamic system theory concepts.
Ashby  2/ 3. The operator “exposure to sunshine” will induce a number of transitions. Such a set of transitions, on a set of operands, is a transformation.

an operator causes a transformation

transformation: set of operands → set of transforms 

(This is read as, “transformation maps or transforms set of operands into set of transforms”

Ex: Operator:  exposure to sun.

Transitions: 

cold soil → warm soil 

unexposed photographic plate → exposed plate

colored pigment → bleached pigment

Set of operands = {cold soil, unexposed photographic plate, colored pigment}

Set of transforms = { warm soil, exposed plate, bleached pigment}

Ex: code

code  A B … Y Z

          B C … Z A

Set of operands = English alphabet

Set of transforms  = English alphabet


code: English alphabet →  English alphabet  




given by:  A is coded to B, …Z is coded to A

Set theory
A set is a collection of things called elements and is denoted by { ..} with no element repeated. The order in which elements are written does not count, e.g. {a,b,c} is the same set as {c,b,a}.   The null or empty set contains no elements and is written { }.

 The elements of a set can be said to be contained in it, be members of it, or belong to it. We denote set membership by 
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, For example,  C 
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 English alphabet.

A relation is a set whose elements are pairs, i.e., it is of the form  {(a,b), …(x,y)}

A transformation as defined by Ashby  is a relation.



Ex: exposure to sun causes the transformation or relation

= {  

       (cold soil ,warm  soil), 

       (unexposed photographic plate, exposed plate),

       (colored pigment, bleached pigment)

    }

One set is included in another if each element in the first is also found in the second. 
We write A 
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 B to denote that A is included in B. Said another way, for each element x [image: image4.wmf]Î

A,  we have x 
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B. Or yet another way, A is wholly contained in B, or is a subset of B.

The domain of a relation is the set of all its left hand elements, i.e., all the elements on the left hand sides of its pairs. The domain of R is denoted by Domain(R).

The range of a relation is the set of all its right hand elements, i.e., all the elements on the right hand sides of its pairs. The range of R is denoted by Range(R).

Ashby  2/ 4. Closure. When an operator acts on a set of operands it may happen that the set of transforms obtained contains no element that is not already present in the set of operands, i.e.,. the transformation creates no new element. 

Set theory:

A relation is closed if its range is included in its domain, i.e., Range(R) 
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 Domain(R)



Ex: code is closed since its domain and range are the same English alphabet.

Ex: exposure to sun is not closed since its range contains warm soil which is not in its domain.

Ashby  2/ 7 A transformation is single-valued if it converts each operand to only one transform.  Otherwise it is multi-valued.

Ex: the transformation

 A B C D

  B A A D

 is single valued.

 but the transformation

A            B             C        D

B or D    A B or C   D        D

is not single- valued.

Set theory:

A relation is single-valued if no two pairs have the same left hand element. 

Ex: the relation

      {

      (A,B),

      (B,A),

      (C,A),
      (D,D)

      }

is single valued because each element in the domain has only one range element it is associated with.

But the relation

      {

      (A,B), (A,D),

      (B,A), (B,B), (B,D),

      (C,D)

      (D,D)

      }

is not single valued, because A is mapped to both B and D, for example.

A relation that is single-valued is called a function or a mapping.  In other words, a function is a single-valued relation. 

Ashby  2/ 8. Of the single-valued transformations, a type of some importance in special cases is that which is one-one. In this case the transforms are all different from one another. Thus not only does each operand give a unique transform (from the single-valuedness) but each transform indicates (inversely) a unique operand. 

Ex. A one-one transformation is

A B C D E F G H

F H K L G J  E M

This example is one-one but not closed.

Set theory
A function is one-one if it has no pairs with the same right hand element. 

Ashby  2/ 9. The identity. An important transformation, apt to be dismissed by the beginner as a nullity, is the identical transformation, in which no change occurs, in which each transform is the same as its operand.

Set theory
An identity mapping is a relation whose pairs are all of the form (x,x).

An identity relation is single-valued, closed, and one-one.  A relation that has these properties is called a permutation (of which an identity is a special case).

Ashby  2/ 11.  Power. The basic properties of the closed single-valued transformation have now been examined in so far as its single action is concerned, but such a transformation may be applied more than once, generating a series of changes analogous to the series of changes that a dynamic system goes through when active.

Ashby  2/ 16. Product. 

Ex: The product, TU  of

T :    a b c d        

         b d a b

and

 U :   a b c d

         d c d b

is 

V :   a b c d

        c b d c

For example, a→b via T and b→c via U so a→c via V

Set theory
The composition of relations G and H, written GH  is the relation such that  (x,y) 
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 GH if, and only if, there is an element z for which (x,z) 
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G and (z,y) 
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H. 

Note: If range (G) 
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 domain(H)  then domain(GH) = domain(G) so we can apply GH  to any thing we can apply G to. Also  if range(G) = domain(H)  then range(GH) = range(H), i.e., we can get any element out of GH that we could get out of H.

Note: the order counts; in general, GH is not the same as HG. For example, if G = {(a,b)} and H = {(b,c)} then GH is not the same as HG.

The product of transformations is the same as their composition as relations. 

The product of any relation, R with itself, is written R2 = RR. Note that here order doesn’t count. Also the range inclusion requirement, range (R) 
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 domain(R)  is just the closure requirement.

The powers of a relation, R (or transformations) are the successive compositions (or products)  R1,R2 ,R3, …,Rn…, where Rn+1 = RRn.  If the relation is closed, we will never encounter a situation in which we can continue applying the next composition.

Ashby  3/ 1 Summary of properties of a deterministic system 

· Every machine or dynamic system has many distinguishable states.

· If it is a determinate machine, fixing its circumstances and the state it is at will determine, i.e. make unique the state it next moves to.

· These transitions of state correspond to those of a transformation on operands, each state corresponding to a particular operand. 

· Each state that the machine next moves to corresponds to that operand’s transform. 

· The successive powers of the transformation correspond, in the machine, to allowing

· double, treble, etc., the unit time- interval to elapse before recording the next state. 

· And since a determinate machine cannot go to two states at once, the corresponding transformation must be single-valued.

 Ashby  3/ 4  Correspondence between a kinematic (state) graph  and a transformation

· Each possible state of the machine corresponds uniquely to a particular element in the graph, and vice versa. The correspondence is one- one.

· Each succession of states that the machine passes through because of its inner dynamic nature corresponds to an unbroken chain of arrows through the corresponding elements.

· If the machine goes to a state and remains there (a state of equilibrium, S. 5/ 3) the element that corresponds to the state will have no arrow leaving it (or a re-entrant one, S. 2/ 17).

· If the machine passes into a regularly recurring cycle of states, the graph will show a circuit of arrows passing through the corresponding elements.

· The stopping of a machine by the experimenter, and its restarting from some new, arbitrarily selected, state corresponds, in the graph, to a movement of the representative point from one element to another when the movement is due to the arbitrary action of the mathematician and not to an arrow.

 Ashby  3/ 5   A vector, is defined as a compound entity, having a definite number of components. It is conveniently written thus: ( a 1 , a 2 , . . ., a n ), which means that the first component has the particular value a 1 , the second the value a 2 , and so on.

Ex:  weather vector: (height of barometer, temperature, cloudiness, humidity)

Two vectors are considered equal only if each component of the one is equal to the corresponding component of the other.

Set theory
The crossproduct of sets A and B, written A[image: image12.wmf]´

B is the set of all pairs (a,b) where a [image: image13.wmf]Î

A and b
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B.

Notice that a crossproduct is a special relation – the relation in which all pairs are present.  This is the least restrictive relation. Any other relation places some constraints the simultaneous values that pairs can take on. For example, an identity relation constrains the pairs to the form (a,a). 

We generalize the crossproduct to a number of sets by taking the crossproduct of the third with that of the first two, the crossproduct of the fourth with the result  of the first three sets, etc. 

A vector of size n  is an element of an element of a crossproduct of n sets.

Ex:  weather vector: (height of barometer, temperature, cloudiness, humidity)

means for instance i(998 mbars, 56.2° F, 8, 72%) is an element of the   crossproduct B[image: image15.wmf]´
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H  where  

B might be the set of integers from 0 to 1000

T might be the set of numbers between – 100 and 150

C might be the set of integers between 0 and 10 (for levels  of cloudiness)

H might be the set of integers between 0 and 100.

We refer to components of a vector as variables and the corresponding sets of values they can take on as their range sets. 

Ex:  in the weather vector, the first variable is barometric reading and its range is B, the second variable is temperature and its range is T.

Ashby  3/ 6

Ex. 25: Draw the kinematic graph of the 9- state system whose components are residues: 

x ' = x + y     (Mod 3)

y ' = y + 2    (Mod 3)

How many basins has it?

Ex. 11 : In an aquarium two species of animalcule are prey and predator. In each day, each predator destroys one prey, and also divides to become two predators. If today the aquarium has m prey and n predators, express their changes as a transformation. 

Ex. 12: (Continued.) What is the operand of this transformation?

Ex. 13: (Continued.) If the state was initially (150,10), find how it changed over the first four days.

Set theory

We often write R 
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B to indicate the domain and range of a relation, R.  

For a function F 
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B  we often write  F: A  →  B., F(a) = b means (a,b) 
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 F.

F(A’)  = {f(a)[ a 
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 A’}.  We call F(a) the image of a; then F(A’) is the set of  images of elements in the subset A’.

Let  F: A  →  B.

F is onto B if F(A) = B, i.e., any element of B can be obtained by finding an element of A that maps to it.

F(a) is defined  if there is a pair such that  (a,b) 
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 F.

F is a total function if it is defined for each element of A. 

F is partial if it is not total, in other words 

If F is total, one-one and onto, then it is a one-one correspondence between A and B.

if F is a one-one and A is finite than B is finite and the sets have the same number of elements.

The composition of functions g, h written hg is the composition of their relations GH. The difference in order is the due to the notation hg(a) = h(g(a)) where g is first applied to the argument. 

Note: The composition of g, h is itself a function.

Set theory

Sensor Fusion Example

Let O be a set of objects in the sky and T be a set of radar tracks.

The desired situation is that there is a one-correspondence between O and T.

In general however, there will be a relation R with domain(R) 
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 O and range(R) 
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 T.

This relation is actually dynamic since it will change as new objects come into view or leave, and/or new tracks are received or are dropped out.

Let’s characterize the various situations that can occur at any time.

	property 
	condition
	if true
	if false

	complete coverage
	domain(R) = O

(R is total on O)
	all the objects are represented by at least one track
	at least one object is not being detected at the current time

	no extraneous tracks
	range(R) = T

(R is onto T)
	each of  the tracks represents at least one object
	at least one track is extraneous – nothing out there is represented by it.

	consistent

representation
	R is a function

(single valued)
	if an object is  represented by a track, then it is represented by exactly one track
	at least one object is currently represented by more than one track (it is dueled). One track might be the “real” object while others may be spurious. Following one of the latter could lead to taking the wrong track. 

	one-to-one
	R is not many-to-one
	no  two distinct objects are  represented by the same object
	Many to-one: there are two distinct objects  that are represented by the same track.  This confounding can lead to targeting the wrong object.


The ideal one-one correspondence can be stated as the requirement that R have complete coverage,  no extraneous tracks, single-representation and one-to-one.
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