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Absbac-Fuzzy systems are a natural choice for processing 
come granular information, but unfortunately, mnst fuzzy sys- 
tems suffer from two drawbacks. Although knowledge is formu- 
lated at a coarse granular level using fuzzy sets, most information 
processing algorithms operate on the details at a fine granular 
level and are, therefore, computationally costly. Furthermore, the 
fuzzy results are not expressed with the predefined fuzzy sets that 
were used to deseribe fuzzy knowledge in a comprehensive way, 
and are therefore often dinicult to understand. As a solution 
to these problems, we proposed a methodology in [l], [Z] that 
represents and processes fuzzy information at the coarse granular 
level. Here, we show that even a chain of inferences, i.e., multi- 
stage reasoning can be processed entirely at the coarse granular 
level. 

I. INTRODUCTION 

In many applications, we need to abstract from detailed 
information in order to make processing of the information 
feasible, since the number of details is too large. In other 
cases, information is a priori an imprecise abstraction from 
details, because more precise information is not available. 
Furthermore, it is often easier to understand information on 
a higher level of abstraction. For instance, precise voltages of 
batteries are of no use for many people. An information like 
“the battery is almostpat” might be much more helpful. 

We can classify the precision of information by its level of 
granulariry. We call the most precise units of informatioofine 
granular. If we, for example, deal with heights of persons, 
then the most precise information units might be cm or mm, 
depending on the accuracy of the measuring device. However, 
a loss in precision leads to coarse granular information units, 
which might be collections of fine granular units, for example. 
In this paper, we distinguish only two levels of granularity, fine 
and coarse. Generally, whole hierarchies of granularity might 
be useful in applications. The user can dig into details, if he 
likes to. 

Fuzzy systems have been invented for processing coarse 
granular information. Unfortunately, most of them suffer from 
a serious drawback although information like a fuzzy rule 
“rich customen buy many bottles of champagne” is formu- 
lated at the coarse granular level, the information is still 
processed at the fine granular level. An example is the mar- 
min-composition (or more generally, compositional rule of in- 
ference) as inference mechanism for rule-based fuzzy systems 
[3]. In the worst case, you have to calculate a maximum on 
the set of details (fine granular pieces of information). Since 
the number of details can be very large, think of the number of 

customers of a supermarket chain, these methods are useless, if 
your reason for abstraction is saving computational costs. We 
would have expected that the computational expense depends 
only on the number of coarse granular information units but 
not on the number of fine granular ones. Nevertheless, some 
special cases of the max-min-composition like the MAMDANI 
controller [41 are quite efficient processing techniques [5]. 

A second problem is related to the interpretability of pro- 
cessing results. Rules in rule-based systems are often defined 
by experts who use linguistic values l i e  tall for the size of 
a person, i.e., a meaning is attached to a fuzzy set. We will 
call a linguistic value a fuzzy word in this paper. Methods 
like the max-min-composition then aggregate a fuzzy input 
and the fuzzy rules and calculate fuzzy sets as output that 
represent the imprecise result of the information processing. 
These fuzzy sets can often not be interpreted in terms of the 
fuzzy words the experts used to define the rules. Therefore, 
the interpretability of information at the coarse granular level 
is lost. This holds, for example, for the popular MAMDANI 
controller. There are methods, indeed, that interpret fuzzy 
sets in terms of predefined words (linguistic appmximation), 
but they are usually separate from the processing procedure. 
This might result in additional computational expense or 
inconsistencies in semantics. In summary, it would be nice, if 
processing results are inherently expressed with the predefined 
fuzzy words, which would guarantee that the results are easy 
to understand. 

Aiming at efficient information processing at the coarse 
granular level and at understandable fuzzy results, we pro- 
posed a new method to combine fuzzy words in [ I]. The main 
idea is to represent fuzzy information at the coarse granular 
level as a combination of predefined fuzzy words. We will 
briefly explain the concept in Sections 11, III. Section IV 
revisits the results presented in [2] on efficient reasoning 
with fuzzy words. Instead of processing arbitrary fuzzy sets, 
we always base processing on the fuzzy words and obtain 
results in the form of combined fuzzy words. Therefore, 
computational costs depend only on the number of fuzzy 
words and the results are easy to understand. We describe 
the concept of linear inference functions and show that rule- 
based reasoning can be implemented as such. Finally, Sect. V 
extends the approach to multi-stage reasoning. We prove that 
a sequence of inferences can be executed entirely at the coarse 
granular level. Furthermore, a sequence can be reduced to a 
single stage inference. 
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11. FUZZY PARTITION-FUZZY WORDS 
As pointed out in the introduction, we aim at processing 

coarse ganular pieces of information. Before we can discuss 
ways to process knowledge, we have to define, what a coarse 
granular piece of information is. The starting point in our ap- 
proach is a universe U a set of basic elements as fine granular 
pieces of information. Information can only be expressed with 
the basic elements: “Peter is 19Ocm tall” with 19Ocm as basic 
element of the set of possible heights ( l a ,  3 0 0 n I .  

At a coarse granular level, we abstract from the hasic 
elements and use a more abstract language to express infor- 
mation: “Peter is tall.” We call a term like tall a word. Since 
words like tall might be inherently fuzzy, we will represent 
words by fuzzy sets on a universe U and call themfuzzy words. 
By abstraction, the set U of details will then be replaced by a 
set of fuzzy words as basic pieces of information that partition 
the entire universe in a fuzzy way. 

For the definition of fuzzy words, we express fuzziness as a 
combination of different crisp definitions. A fuzzy partition is 
then formed by a collection of crisp partitions. For example, 
we may ask people to define crisp partitions {very small, small, 
medium, fall, very tall} of U = [lnn,3OOm] that describe 
possible heights of men as crisp sets. We then have several 
crisp definitions for each of the words very small, small, 
medium, tall, very tall. 

For the construction of the respective fuzzy words, we 
use the confexr model [6], [7]. In this model, a source c of 
information is called a contexf. In our example, each person 
is a context. Each context c defines a word W as crisp set 
W = q c )  via a function r : C + P .  C is the set of 
contexts, 2u the set of all subsets of U .  A person c, e.g., might 
define fall = r(c) = [ 1 8 5 n ,  200m]. To each context c, a 
weight is attached. This weight is modelled by a probability 
P ( c ) ;  it measures the correctness, importance or reliability of 
an information r(c) given by c [6]. Finally, a fuzzy word r?/ 
aggregates all definitions W(c) = r ( c ) .  6‘ is defined by a 
fuzzy set p w ,  i.e., for all U E U 

As an example, we asked 22 persons to define the heights 
very small, small, medium tall and very tall of men. Since we 
considered all persons equally reliable, the probability of each 
piece of information r(c) is 1/22. Therefore, a membership 
value like k ~ , ( u )  is equivalent to the relative number of 
persons that declare a man of ucm height as tall. 

If we-use the co?text model to form a set of fuzzy words 
P = { w I ,  W2.. . w”} from a collection of crisp partitions, 
it is easy to show that P forms a partition of unify [8]: 
Vu E U : CWEp P ~ ( U )  = 1. From here on, we call a 
partition of unity simply fuzzy pam.tion. 

111. COMBINING FUZZY WORDS 
Having abstracted from fine granular information, we have a 

set of words we can use to describe phenomena. For example, 

we can describe the height of a man with one of the words 
very small, small, medium, tall or very tall. A restriction to 
such a small number of possible statements, in this case five 
different heights, is not very expressive and therefore not very 
useful for applications. 

In [I], we proposed a method called combiningfiuy words 
in order to dramatically increase the expressiveness of fuzzy 
words. It works in a similar way, as we combine words of our 
vocabulary in spoken languages to form new statements. We, 
for example, say that a man is “tall or of medium height” 
(simple combination), or it is “more likely that his height 
is medium than that he is tall” (weighted combination). We 
introduced a probabilistic model for the Combination of fuzzy 
words, which is consistent with the context model that we use 
for the definition of fuzzy sets. P = {WI, W, . . . Wn} be a 
set of words that form a fuzzy partition of the universe U. 
We define a probability measure P p  on P ,  or more precisely, 
on 2 p ,  that models the weights of the words. The result 
are statements like ‘The height of the man is medium with 
Pp(medium) and he is tall with Pp(tall)”. More formally: A 
statement “VW E P : 2 = 6’ with probability Pp(m)’)” is 
called a weighted combination of the f u z z y  words W E P; Z 
is a linguistic variable like man’s height that can bold fuzzy 
values. In the following, we often leave out the word weighted 
for reasons of simplicity and just say combination of fuuy 
words. 

A combination of fuzzy words is a fuzzy set and is repre- 
sented by a membersbip function, as a simple fuzzy word is. 
We therefore have two different levels of presentation for fuzzy 
information: the coarse granular or symbolic level at which 
statements are expressed using fuzzy words as symbols and 
the $ne granular level where we deal only with membership 
functions. In order to describe the relation of the fine and the 
coarse level we introduced two operators in [I]. The synthesis 
of a fuzzy set translates a symbolic combination of fuzzy 
words into the equivalent membership function, whereas the 
analysis of a fuzzy set transforms a membership function into a 
symbolic combination of predefined fuzzy words. In this way, 
the synthesis calculates the exact definition of a combination of 
fuzzy words, and the analysis explains a fuzzy set in terms of 
comprehensible fuzzy words. Figure 1 illustrates this relation. 
We showed in [ I ]  that our approach allows to transform a 
combination of fuzzy words into a fuzzy set on the fine 
granular level and back into a combination of fuzzy words 
without losing information. This is generally not possible with 
most of the techniques based on the max-min-composition or 
fuzzy production mles l i e  [9]. 

A. Synthesis Of A Fuzzy Set 

As introduced above, a synthesis transforms a combination 
of fuzzy words, given by a probability measure Pp attached to 
a fuzzy partition P, into a fuzzy set. In order to achieve this, 
we enrich the context model that is used to define the fuzzy 
words by P p .  The basic idea is to adapt the-context weights 
P(c) for each fuzzy word r?l E P with Pp(W). This leads to 
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Fig. 1. Synthesis and Analysis of a fuzzy set 

Theorem 1: Let P be a fuzzy partition of the universe U 
based on a set C of contexts with probability measure P on 2‘. 
For the fuzzy set A that represents the weighted combination 
“b” E P : Z = W with probability Pp(W)” holds 

W t P  
The proof can be found in [I] .  The theorem shows that the 
membership function of a weighted combination of fuzzy 
words W E P can be computed directly from the membership 
functions p* of the words. Especially, it is not necessary to 
consider the contexts and their probabilities. Due to this result, 
we also write A = CwEP pp(W) W a~temative~y to (2). 

B. Analysis O f A  Fuuy Set 

The analysis of a fuzzy set A calculates a combination 
of fuzzy words that describe A in an understandable way. 
Generally, we canpnly expect that the combination is an 
approximation of A. This is the price we have to pay for 
the abstraction of knowledge. But the analysis should at least 
fulfil the following requirement: 

A = pp(W) W + synthesis(analysis(A)) = A (3) 

In other words: If we analyse a fuzzy set that can be accurately 
represented by a combination of fuzzy words then the analysis 
must find this combination. 

The starting point for an analysis is a fuzzy partition P, i.e., 
a set of fuzzy words, and a fuzzy set A that is to be described 
with the fuzzy words. Following (2), we are looking for a 
probability measure Pp such !hat the weighted combination 
of fuzzy words approximates A as accurately as possible: 

W E P  

P A ( 4  = P P ( W P W ( 4  (4) 
W € P  

for all U E U. For now, we write a* instead of Pp(W) for 
the parameters we are looking for and make sure later on that 
they actually form a probability measure. 

As measure for the quality of approximation, we use 

(J,“ f(z)2dz)1’2 on the universe [a, b]. Altematively, we 
can use a discrete version of the norm 11 112 for finite 
universes. The approximation method must determine a set 
of parameters a* that minimise the quality function Q. We 
know from approximation theory that the solution to this 
optimisation problem is unique, if the membership functions 

Q = IIPA C * ‘ E P a ~ ~ ~ l l ~  with the n o m  I l f l l z  = 

are linearly independent. For the following reason, it is 
not a serious restriction to assume linear independency: If 
the membership functions of our fuzzy words are linearly 
dependent then at least one of the respective fuzzy words can 
be represented accurately by a weighted combination of the 
other fuzzy words. Therefore, we lose nothing, if we choose 
a linearly independent subset of membership functions, since 
we can always reconstruct the excluded functions. The optimal 
parameters am are calculated by solving a system of linear 
equations, cf standard books on numerical mathematics. The 
parameters a~ generally do not define a probability measure 
Pp on 2 p ,  since C W ~ ~  a* # 1, and some of the a* may be 
negative. A negative can obviously not be interpreted as 
probability Pp(@). As a solution, we propose the following 
procedure as analysis of A: 

1) Determine %e set A4 of fuzzy words, that overlap with 

2) Optimise the weights 
3) If some of the a~ are negative, exclude the respective 

fuzzy words from M. 
4) Define a~ = 0 for all W # A4 und normalise the 

weights a* so that EaEp c p  = 1. 
5) Define the probabilities Pp(W) 

A: M := {W E P I supp(W) n supp(A) # O}. 
for all W E P. 

VW E P : Pp(W) := aw ( 5 )  

Hereby, the support of a fuzzy set A is defined by supp(A) = 

{U E I P A ( 4  ’ 0).  
The proposed method indeed fulfils requirement (3): 
Theorem 2: Let the fuzzy set A be a combination of fuzzy 

words W E P with linearly independent membership func- 
tions and weights P$(W): 

vu E U : PA(ZL) = P ; , ( W ) W W ( U )  (6) 

Under these assumptions, for the proposed procedure for the 
analysis of A holds 

W € P  

VW E P : Pp(W) = P$(W) (7) 
and, therefore, the analysis reconstructs the synthesised fuzzy 
set A. 
The theorem can be proven by using the fact that the solution 
of the function approximation problem is unique [8]. It shows 
that the proposed analysing procedure of a fuzzy set A finds 
a Combination of fuzzy words that accurately describes A, if 
such a combination exists. If such a combination of fuzzy 
words does not exist, we generally end up with an approxi- 
mation of the fuzzy set A. In both cases, the combination of 
fuzzy words is unique. 

IV. REASONING WITH FUZZY WORDS 
In the last sections, we showed how fuzzy information can 

be represented at the symbolic level. Information represented 
in this way is easy to understand and the representation is very 
compact. As already mentioned in the introduction, we also 
aim at information processing at the symbolic level in order to 
achieve comprehensible results with low computational costs. 
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Let us begin with a couple of terms frequently used in in- 
formation processing: knowledge base, observations, inference 
and conclusion. The knowledge base comprises knowledge 
that is important and generally valid for the solution of the 
given problem. Inference is a procedure that draws conclusions 
or deduces information from the knowledge base. In the exam- 
ple of medical diagnosis, known relations between symptoms 
and causes form the knowledge base. Observed symptoms of 
patients are then used to infer possible causes. In this case, a 
conclusion (possible causes) is not drawn from the knowledge 
base alone, but from a combination of the knowledge base and 
an observation. The difference between an observation and an 
element of the knowledge base is that an observation is not 
generally valid. In the example, the Observation depends on 
the patient. 

The idea of information processing at the symbolic level is 
based on the assumption that important parts of the knowledge 
base are defined at the symbolic level, anyway. An example 
are fuzzy if-then rules like “if the person is tall, then it is 
heavy”. Since tall and heavy are fuzzy words at the symbolic 
level, the rule is a relation at the symbolic level, as well. In 
most approaches for fuzzy rule-based reasoning like ZADEH’S 
compositional rule of inference, such a rule is transformed into 
a fuzzy relation at the fine granular level. A fuzzy observation 
of a person’s height, given as a fuzzy set or fuzzy word, is 
then combined with the transformed rule and a fine granular 
conclusion will be drawn. By following such an approach, we 
obtain a computationally costly algorithm, since we operate at 
the fine granular level. The result is also at the fine granular 
level, i.e. not expressed with fuzzy words. 

Instead, we propose to process information at the symbolic 
level. A fuzzy observation is either given at symbolic level, 
e.g., a person is tall, or at fine granular level as arbitrary 
fuzzy set. In the latter case, the fuzzy set will be analysed 
as described in Section III-B and in this way transferred onto 
the symbolic level. Then the symbolic observation and the 
symbolic knowledge base will be combined and a symbolic 
conclusion can be drawn. 

A. Linear Inference Functions 
Let us formalise the inference procedure and assume that 

an inference maps a combination of fuzzy words onto an- 
other combination of fuzzy words, thus it is a function 
fx : Comb(Pu) t Comb(Pv). Comb(Pu) and Comb(Pv) 
denote the sets of all combinations of fuzzy words on universes 
U and V .  fx also depends on the knowledge base K. FOI 
reasons of simplicity we assume that the knowledge base does 
not change and just write f instead of fx. 

Following the idea of the previous sections to represent 
fuzzy information as a combination of fuzzy words that form 
a partition of the underlying universe, we introduce an impor- 
tant subset of all inference functions that is linear inference 
functions. Being linear means that for all A; E Pu, a; E IR 
holds f(Ei a; Ai) = xi a; f(&. We will indeed introduce 
rule-based reasoning later on that can be expressed as a linear 
inference function. 

The great thing about linear inference functions in the context 
of OUT theory is that the computational complexity of an 
inference is very low. Instead of calculating an inference f(A) 
for a combination A E Comb(Pu) from scratch, we can pre- 
calculate f(&) for all fuzzy words A; E Pu. Due to the 
linearity of f ,  f(A) is just a linear combination of the pre- 
calculated f ( A i ) .  This is the simple but important 

Theorem 3: Let Pu = {Ai} i=~. . .”  and Pv = {Bi}i=i ... m 
be sets of fuzzy words and A a combination of fuzzy words 
E:=,a;A;. f : Comb(Pu) t Comb(Pv) be a p e a r  
inference function with f (A;) := E,”=, rij Bj. Then f(A) = 

E,”=, Pj Bj with Pj  = E:=, a; 7 ; j .  
For the proof, just use the linearity property o f f .  The theorem 
shows that the coefficients pj we are looking for can be 
obtained by a simple ve_tor-matrix-multiplication = Gt ti 
with vectors a’= (a;);, b = (P j ) j  and matrix G = ( 7 . . ) . .  ‘3 ‘3’ 

Obviously, the computational complexity depends on the 
number of fuzzy words only and not on the number of details. 

B. Rule-Based Reasoning 
As an example of linear inference we introduced fuzzy rule- 

based reasoning in [2] that is based on Bayesian networks 
[IO]. Each connection in a Bayesian network between nodes 
A and B represents a conditional probability P(B1A). We 
can interpret P(B1A) as a weighted if-then rule “if A then 
B with probability P(B1A)”. Bringing this together with 
common fuzzy rules and our theory, we interpret a weighted 
fuzzy rule “if 5 = A, then_Q-= B with proJability-p” as 
conditional probability Pp(BIA) := Pp(Q = Bli = A )  = p 
with P = PU x Pu. Instead of the if-then phrase we write 

For the inference mechanism, we refer to probability theory: 

AP“Bll”) - 
+ B.  

which holds, since the fuzzy words A; are discrete elements 
of P u  and ui Ai = Pu.  Using (8), an inference process that 
maps a fuzzy observation j: = A onto a fuzzy conclusion 
Q = B, consists of three steps. First, we have to determine 
the probabilities &(Ai) = Pp(A;lA). If A is represented 
as a combination of fuzzy words A; like “the person is tall”, 
we already know the probabilities. Otherwise, we analyse A as 
described in Section HI-B. In the second step, the probabilities 
P . ( B j )  are calculated using (8) and finally combined in 
conclusion B using (2) (substitute $ with B). 
Obviously, the inference formula (8) is a linear inference 
function as described in Section N-A, i.e., the jnference 
can be described as vector-matGx-multiplication b = GtZ 
with vectors ti = (Pp(A;))i ,  b = (Pp(Bj)) j  and matrix 
G = (Pp(BjIA;))ij. 

The conclusion of the inference is a combination of fuzzy 
words, i.e., it is easy to understand, and at the same time, 
it is well defined as a fuzzy set using (2). Furthermore, the 
modus ponens holds. That means that in case of a rule Ai 5 
L? in the rule set, an observation Ai will be mapped onto 
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Fig. 2. Rule-based inference with fuzzy words 

the conclusion B. This is not true for most fuzzy inference 
mechanisms, for example, MAMDANI’S popular approach. 
The problem is that if the modus ponens does not hold, the 
fuzziness of conclusions increases with every inference step. 
Therefore, after a couple of inferences, the level of fuzziness 
might be so large that the conclusion becomes meaningless. 
This will not happen with our approach. 

V. MULTI-STAGE REASONING 

Let us now consider a chain of n inferences. Assume 
linear inference functions f k  : Comh(Pu&) -t Comh(’Pul+,) 
and the chain of inferences fn(. . . (fz(fl(2)))). It is easy 
‘0 see from Sect. IV-A that this can he represented by 
b = G i  GaG! a‘. Furthermore, we can transform this chain 
of inferences into a single-step inference by combining the 
matrices: b = Gta’ with Gt = G6 GiGi. In this way, the 
computational complexity can he further reduced, since the 
product of matrices can he calculated in advance. 

In this simple case we assume that for each universe of 
discourse uk there is only one partition of unity Puk, i.e., there 
is only one set of fuzzy words that can be used to represent 
information in each universe. In case of rule-based reasoning 
this means that the antecedents of rules in one rule-layer are 
based on the same fuzzy words as the consequents of the 
preceding rule-layer. Generally, this is not the case. 

For the general case, we first only consider n = 2 
for simplicity. Be the first inference step a mapping f : 
Comh(Pu) -+ Comb(Pv), the second one a mapping 
g : Comh(’P;) -t Comb(Pw). Thereby, we assume two 
different partitions PV = {Bj}j and P; = { B L } k  with fuzzy 
words E, and i$ that are used to describe information on the 
universe V as combinations in Comh(Pv) and Comh(P;). If 
we think of rule-based reasoning, this means that the rules 
in the first inference step use different fuzzy words in the 
consequences than the words we find in the antecedents of 
the rules in the second inference step. 

This general setting is shown in Fig. 3. An observation 
is given as fuzzy set, which will be transformed into a 
combination of fuzzy words by analysis. Altematively, the 
Observation is a combination by nature. The first inference 
step maps the observation onto a combination 

- 

B = 
i 

4 

of Bj as intermediate conclusion B. In order to apply the 
inference function g as second inference step, the intermediate 
conclusion needs to he expressed as combination CkP;Bk 
with fuzzy words B;. The weights are obtained from an 
analysis, which is costly since it operates at the fine granular 
level. Then, the second inference step can be executed. 

In order to avoid the costly analysis step before applying 
g we found a transformation as shown in Fig. 3 that directly 
transfers the representation hy a combination of the Bj into 
one of the pk. We show that the transformation mapping t is a 
linear inference function and how to define it by determining 
t (B j )  for all j. We prove that the transformation leads to the 
same result as the sequence of synthesis and analysis. 

In order to achieve this, we approximate each Bj by a 
combination of Bh: 

PB, (’”) W j k  P% (U) (10) 
k 

and define t ( B j )  := xk  Wjk 86. t is obviously linear. The 
weights W j k  can be determined using the function approxima- 
tion approach described in Sect. 111-B. We only apply step 2 
of the 5-step procedure, i.e., pure function approximation. The 
following theorem proves that the transformation is identical 
to the sequence of synthesis and analysis as shown in Fig. 3. 

Theorem 5.1: W j k  be the optimal weights in (10) and &, 
the weights we obtain through the analysis of the intermediate 
conclusion B in Fig. 3 using the 5-step procedure. Let I := 
{k ksupp(B;) n supp(B) # O}. If the membership functions 
of Bj E Pv and Bk E P; are continuous, then for all k holds 

10 else 
Pmq? We assume a &-Hilbert Space (C(V), I (  112) with 

the space C(V) of continuous functions on V and inner product 
(f , f )1/2 = Ilfll2. In (IO) we computed optimal approxi- 
mations of the fuzzy words Bj. According to approximation 
theory therefore holds for all j, 1 

W j k  ( P i ;  I PE;) = (Pa9 > P B ; )  (12) 

For all I ,  olk := xj W j k  pi is solution to the so-called 

k 

normal equation: 

(13) 

(15) 
3 

(2) (Pf i ,PB;)  (16) 

We know from approximation theory that, therefore, the olk 
minimise the quality measure Q = ~ IPB ~ k a k P ~ l l z .  The 
solution is unique, since we assumed linear independence of 
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membership functions. This proves that we computed the best 
approximation of 8 with fuzzy words EL, which is step 2 
of the 5-step procedure for obtaining the 0;. Steps 3-6 are 
incorporated in (1 1). 
The theorem shows that we do not need to analyse the interme- 
diate conclusion E, hut instead apply the linear transformation 

i 3 k 

with 0; being defined in (1 I).  Being a linear transformation, 
t can be represented as matrix T = (1~jh)jh and the overall 
inference 6 = g(t(f(A))) can he written as Z= G t T t F t C =  
HtC with H = F T G .  

To conclude, we see that multi-stage inference with fuzzy 
words can he achieved entirely at the coarse granular level 
even in the general case of different partitions of each universe. 

Regarding computational complexity, our approach is a least 
as good as others and outperforms most of them. Let us assume 
an n-stage inference, discrete universes with m elements 
each, and partitions with k fuzzy words each. Considering 
that we can pre-calculate the transformation matrix T,  the 
complexity of our approach is O(kZ n) as for MAMDANI’S 
method. If we accumulate the matrices of the inference func- 
tions, our complexity can be reduced to O(k2). The general 
compositional rule of inference, on the other hand, requires 
O(m2 n). whereby m is usually much greater than k. In case, 
an initial analysis step of a fuzzy observation is necessary, 
we realistically require O(m) for that. Thereby, we take into 
account that usually only two or three neighbouring fuzzy 
words overlap in partitions and the function approximation 
therefore only operates on sparse matrices. However, in most 
applications, observations are either crisp or directly given as 
combinations of fuzzy words, so an analysis is not necessary 
and its relatively high costs therefore do not compromise the 
usefulness of the approach. 

VI. CONCLUSIONS 

The implications of the results in previous sections are 
extremely interesting with respect to our goals of processing 
fuzzy information, which are computational efficiency and 

interpretability of information. Existing approaches process 
fuzzy information at the fine granular level; we, instead, 
transform information onto the coarse granular level, process 
it there, and transform it back, if necessary. Thereby, the rep- 
resentations at fine and coarse granular level are isomorphic. 

We showed that, in this way, a very efficient multi-stage 
fuzzy rule-based reasoning mechanism can he realised. Apart 
from an initial transformation step onto the coarse granular 
level, all operations are done at the coarse granular level 
and therefore, the computational complexity depends on the 
number of fuzzy words and not on the number of details. 
Fuzzy conclusions drawn by the system are represented as 
combinations of fuzzy words and are, therefore, easy to 
understand. 

An interesting topic for future research is the question 
if there are linear inference functions other than the rule- 
based approach that could benefit from these results with 
respect to comprehensibility of conclusions and computational 
complexity. 
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